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Comment on Bifurcations in Fluctuating Systems
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We prove, using normal form techniques in a codimension one bifurcation, that
the conditional probability of the fast variable conditioned by the slow variables
is a Gaussian distribution centered in the center manifold.

KEY WORDS: Bifurcation; stochastic differential equations; normal forms;
center manifold.

In Ref. 1 an interesting method is proposed to eliminate the fast variables
near a bifurcation point in a system of stochastic differential equations. The
case of a codimension one instability (one eigenvalue zero of multiplicity
one) is treated in detail for systems with two variables U, and U,. The
technique consists in working with the associated Fokker—Planck equation
for the probability density p,(U,, U,) and postulating that this function
admits the decomposition

172
P, U =(F2) exp( = MO0 - AWT 50 (1)

where U, is the critical variable corresponding to the eigenvalue zero, U, =
F(U,) is the equation of the center manifold, and the width I'(U;) of the
Gaussian is determined by a self-consistency condition as a power series in
U,. The probability density p,(U,) obeys a reduced Fokker—Planck
equation, which is calculated. However, it is necessary for the consistency
of the method that the width I (U,) be a positive function of U, and it is
this point that we shall discuss here. In Ref. 1, I (U,) was expanded up to
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linear terms in U, and the positivity was tacitly admitted. We shall prove,
using the same normal form techniques of a previous note,'® that the
decomposition (1) holds with I'(U) > 0 provided that quadratic terms in
the critical variable U, are retained. The method is a generalization to the
stochastic case of some of the results obtained in Ref. 3 for the normal
forms of singular vector fields.

We consider a vector U(¢)=(U,,.., Uy) that satisfies a system of
stochastic differential equations (we use the notations of Ref. 2).

o U=LU+ Y, N"’(U)+n(D(z)+L(”(t)U+ Y. M"’(t;U)) (2)
re=2 rz2
where U=3Y7_  U,e,, ¢,=(1,0,..,0), ey=(0,..,0,1), L is a diagonal

matrix Le,=7y,e,, 7;=0, y,<0, a2, L(¢) is a matrix with elements
L(l)(t)aﬁi D(I)ZZN Dot(t) €y and

a=1
N(r)(U) = z ugzr;gq ..... o Uaj tt Ua,ecx
o,
M5 U)=3 ol (DU, Use,
o,%;

Here D, (1), L(t),4, and 0{) (1) are Gaussian white noises with zero

means and given correlations and # is the parameter measuring the
intensity of the noise. In particular D(¢) has correlations

(D (1) Dy(t')) = Qopd(t —1')

The probability density p,(U,;, U,,.., Uy) solution of the Fokker—
Planck equation associated to (2) can be written as p,(U,,.., Uyl U,)
p.(U,), where the first factor is the conditional probability of (U,,..., Uy)
given U,. We shall prove that this conditional probability can be taken for
times > |y,] 7!, «>2, as a time-independent Gaussian distribution cen-
tered at the center manifold and with width depending on U, and also
that U,(¢) satisfles a closed stochastic differential equation, ie., p{(U,)
obeys a Fokker—Planck equation. The adiabatic elimination in (2) is done
using the following ansatz (which we discuss at the end of this note): U is
expressed asymptotically (for times 3 |y,| ') in terms of a critical variable
C which obeys an autonomous equation. In formulas (up to first order

n )

N N
U=Y C Y U, +n Y C Y Ve, (3)
rzl a=1 r=0 a=1
8,C=Y fUriCc 4y ¥ M) C (4)

rzl r=0
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The unknown constants {ULJ, £U"1} and the unknown stochastic processes
{VE(1), g¥Y(2)} in (3) and (4) are calculated by replacing (3) in the
original equation (2) and using (4).** One obtains then, equating both
sides of (2) at each order [/, r], where j=0 or 1 is the order in 5 and r is
the order in C, a sequence of homological equations for the unknowns. In
order [0,1], Eq.(2) is satisfied with the choice Ul'l=§,, fI'1=0. In
order [0, r], one obtains an equation

—y, U =11 — flls (5)

where IT? depends only on { UL, f1} for s <r, which tells us that we can
solve these equations by recursion in r to obtain

=17, Ul=0, U=y MU, ax2

At the lowest order [0, 2], one has

2] __ (2 2} —
f[ ]’_ug;l)l’ Uo[c 1= Ve u(zl)lzpw =2

In this way we have determined the unknown constants in the n-indepen-
dent part of (3) and (4) and we have U, =C (since Ul"'1=0, r=2), U, =

F(C)+0(n), a=2, 0,C=f(C)+0(y), where {F, (C),f(C)} are now
known as formal power series in C. We consider now the terms of order
[1,5], s=0, and we obtain the equations

(0,~7.) VEI) = TEH(1) - g™(n) 8., (6)

where JL1(¢) depends on {UL*) k<s+1; f™I, k<s}, which we know
already, and on {VI¥1(z), g (¢); k < s}. Note that since we are calculating
in the first order in #, the JI*1(¢) are linear in VI¥)(¢) and g™3(z). For
instance, for s=1 one has

N
JH) =2 Y u@ Vi) + LUN1), —2(1 = 6,,) p. g5(2) (7)
=1

Since y, =0, we choose to solve (6) for a= 1, putting gl*}(¢) = J[*1(¢) and
VEs1(¢) = 0. Then

N
) =D(1), gM)= Z @Q VO + L),  ete.

Next we consider Egs. (6) for 2<a <N and for s up to some fixed r

822/48/3-4-36
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{(0<s<r). It is easy to see that these equations are of the form (2<a <N,
0<s<r)

@) VO~ 3 T ak, V() = &) (8)

k=0p8=2

where £5(¢) is a white noise [a linear combination of the original white
noises in (2}]. For s=1 one has

abp=—2ully, &= —2p.D\(t)+LV(1)y )
Up to O(nC") Egs. (2) are then replaced by (6) together with
U=C (10)
U,=F(C)+n ), CVEN) (11)
s=0
3.C=f(Cy+n 3 Cglr) (12)
§=0

where in (12) each gt*3(¢) depends linearly on the original white noises in
(2) and on {VIF(z), k< s} solutions of (8).

From (10) and (11) we see that U,=F,(U,) is the equation of the
center manifold. Putting ¢, =V, ¢,=VI . gy=VI1, q,=V],
where n=(r+ 1}(N — 1), we can write the system (8) in the form

qu(t)_— Z Auquzép(t), lsﬂgn (13)
v=1
where the n x n matrix 4 ,, has zero elements above the diagonal and 4, =
Y2sers A NN =TV 2900 Ay = V2> 1.6

det(4—1)= ﬁ (P —A) 1

=2
and all its eigenvalues are negative. In (13) the £ ,(7) are white noises with
known correlations
&) &) > =R, (1 —1")

Then we solve (13) in the stationary state that exists (y,<0) and the
probability p,(g,,.., g,,) is time-independent and given by® the Gaussian
distribution

1 1 .
P(Q)=WGXP<‘§ ) qu‘:uvlqv) (14)

uv=1
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fnd

@here the symmetric, positive-definite (generically) matrix 5 satisfies
EAT+ AZ+ R=0 (A7 is the transposed matrix of 4 and R the matrix of
elements R,,). Using now (11), we can calculate the conditional probability
p(U,,..., Uy| C), which is given by

r N
P(Ussy U €)= [ T1 TT dVEI p(VE, VA0,.., VIS
2

s=0a=
N r

x T1 5(4—;7 ¥ CSVE]> (15)
=2

s=0

where A, = U, — F (C). We make now the change of variables

(ql (] qn) = (Vg()]""’ V}:V,]) - (q,l""’ q;’)
= (327 33’"': SN) Vgl]’ V3[1]5"" V][vr])
where
Vo[z()]:Sa_ z CxVo[(Sja 2<a\<*N
s=1

The Jacobian is one and putting p(q’') = p(q), we obtain from (15) after
integration over (s,,..., §5) the expression

r N
P(Unses Uyl C) =y~ =0 [ T] ] a¥t?
s=1ax=2
Ay A
X ﬁ(Tf ooy VA V,[v’3> (16)
n

We note that p(q’) is still a Gaussian distribution (@ —q’' is a linear
transformation) and then the last integral in (16) is just the marginal
distribution of a Gaussian and consequently is a Gaussian in the variables
(A/M,..., Ap/n), which we write as

1
7 [(2n)" Tdet A(C)172

p(Us,., Uy C) =

><exp[—5117~2 i /laA(C);ﬂl/lﬁ:l (17)

LB=2

where the positive-definite (N — 1) x (N — 1) matrix A(C) is a function of C.
The lowest order approximation corresponds to considering Egs. (8) for
r=0, in which case they reduce to

(0, =7.) VEU1) =D, (1) (18)
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and one obtains for A(C) the constant matrix A,5=0,30,,(217,/)7", a
result also obtained in Refs. 2 and 5.

Using now (17), we have the following form for the probability density
of the initial problem (2):

Pt( Ul LR UN)

1
()"~ " det A(U)]™

5 [UWF,,(UI)]A(Ul);,;[UB—Fﬁ(Ul)]}-ﬁ,(Ul)

X €Xp {— E—}Fa,ﬁ=2
(19)

with 7,(C) (we recall U, = C) the probability density of the process defined
by (12). We note that (18) is valid for times > sup |7,| "}, @ > 2, which is
the condition of validity of our original ansatz (3) and (4). It should also
be remarked that at this stage (12) is not a closed equation for C, since
gtJ(¢) depends on the original white noises in (2) and also on {VI¥(s),
2<a <N, k<s} [see after formula (7) for gt°I(¢) and gM(7)]. However,
for times t»suply,/”' we can make a consistent white noise
approximation as follows.

We first integrate (18) with initial conditions at 1= —o0, since we are
in the stationary state [see (14)]

v = [ die D (1) (20)

e o}

and we remark that for ¢> |y,] ! we can replace VI0(¢) - |y,| ~! D (¢) (see
also Ref. 6). Then in Egs. (8) for s =1 we use this replacement to obtain

N
(0,~7) VEN(D) =2 ¥ ullslysl ™" Dylt)
B=1
+ LY(1)y —2p,Dy(1) = D{(1) (21)

where D{"(¢) is a white noise. Integrating (21) as in (20), we can replace
now VIU(7) > |y,| = DY)(r) and we can proceed to write (8) for s=2 and
so on. In this way we obtain from (12) an ordinary stochastic differential
equation for C in which all the gl*3(¢) are expressed in terms of the original
white noises in (2).

In order to see how all this works, we give now the explicit
calculations for N=2, r=1. Then Egs.(11) reduce to U,=F,(C)+
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n(V50) () + CVI()) with Fy(C)=pC?+O(C?), p=Iy|" ' uf, (putting
y=1y,), and Egs. (13) become

g1 —v91="C(1) 42— 79>~ aq; = ¢a(1) (22)

where a=2u, and if we only have additive noise in (2), £ (t)=Dy(1),
E,(t)= —2pD(t), which gives

Ri1 =01, Riy=—-2pQ1, R22=4P2Q11

The matrix Z,, in (14) is of the form (2 ly[)~* E, with

~ = a
Ell_Rlla 512 R12+2]yl Rll
(23)
~ a a®
Z=Rp +m Ry, +§—2 11
and one easily checks that it is positive definite. Finally, (15) gives
1 [Uz“Fz(C)]Z}

=— _—— 24
01O~ Frmee ™ |~ 3t .

with A(C)=Z, +2CE, + C*E,,>0, since Z,, is positive definite. This
case is explicitly treated in Ref. 1 using as an assumption that p(U,|C) is a
Gaussian of the form in (1) [see formula (3.6) of Ref. 1], then developing
IC)=Ty+ T, C+0(C*) and determining Iy, and I, by direct
replacement in the Fokker-Planck equation associated to (2). One obtains
then

(C)= 1— 2052) (25)

MPE, < =11
which indeed coincides with (24) when we develop there A(C) up to order
O(C). However, in order to have A(C) positive definite, the first correction
to the leading order [which is A(C)= %, in this case] must be quadratic
and this follows naturally from the method exposed here. We remark that
in the above reasoning no explicit statement on the order of magnitude of
C is made. If we make the additional assumption that C is small in the
vicinity of the bifurcation point and the concomitant restriction for the
normalized probability distribution, then for the positivity of A(C) it is
sufficient to ensure that A(C=0) is positive definite, which also follows
from our analysis.

We discuss now briefly the ansatz (3) and (4). In order to study (2),
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we look for a nonlinear change of variables (U,,..., Uy) = (Cy,..., Cx) of
the form (up to first order in %)
N
U=3 Ce,+ Y Ulrdyy ¥ vy (26)
1

o= r=2 r=0

Here U [respectively VI3 (¢)] is of order r in (C,,.., Cy) with constant
coefficients to be determined (respectively, with coefficients that are
stochastic processes to be determined). In the new variables Egs. (2) take
the form

8,Co=7,Co+ ), Fil 41 Y, GI(1) (27)

r=2 r=0

where FL™1 [respectively, GL'3(¢)] is of order r in (C,,..., Cy) with constant
coefficients to be determined (respectively, with coefficients that are
stochastic processes to be determined). To determine the unknown quan-
tities, we proceed as before with the ansatz, ie., we replace (26) in (2) and
consider the equations obtained at each order [ j, r}, where j is the order in
n and r is now the order in (C,,.., Cy) (see Ref. 7, where the calculation is
done in detail in the case of the Hopf bifurcation). In this way one obtains
the set of homological equations (see Ref. 3 for the deterministic case)

N
(Fr—Lyuti=11-% Frlle,,  rz2 (28)

=1

0, +I—LYVU(n)y=F(1)— iy: GLi(1)e,, r=0 (29)

a=1

where 9, acts only on the time dependence of the coefficients in VE1(¢) and

N 0
I's C,—
a; S
We determine now the unknown {F{"1, GIJ(¢)} in such a way as to be able
to solve (28) and (29) for {U, VIri(z)}. In (28) we impose that the right-
hand side belongs to Ran{(/"— L) (solvability condition) and in {29) we
impose that the stochastic processes VL'3(f) admit a stationary solution.
One finds then that this gives the following normal form for the system

(assuming nonresonant conditions between the eigenvalues y, ®*):
3,Ci= 3 fUUC)Y +n Y, g (CY (30)
rz2 r=0

6,C.=C, (m S SUAC) 40 Y gg'lu)(cl)'), x>2 (1)

rz2 r=0
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i.e., we recuperate Eq. (12) for C, = C and we obtain the normal form of
the equations for the C,, o > 2. Since in these equations we have C, in fac-
tor (i.e., only multiplicative noise appears), C, =0 is an invariant manifold,
the center manifold, to which the variables C, relax for > sup |y,| ~! [the
stationary probability will be p,(C,)=46(C,)] and we can put C,=0,
a =2, in (26) and we recuperate the ansatz (3) expressing U as a function
of C. A detailed study of these methods for a general bifurcation of
arbitrary codimension will be presented elsewhere.

We finally remark that in our calculations we have assumed that the
original system (2) was to be interpreted in the Stratonovic sense and con-
sequently we have used the normal rules of calculus. This is no restriction,
since if the interpretation is the Ito or some intermediate one, we can
always rewrite the equation as a Stratonovic system, using, for instance, the
techniques in Ref. 9.

ACKNOWLEDGMENTS

The authors are grateful to Profs. P. Coullet and G. Nicolis for
interesting discussions. This work has been partially supported by Fondo
Nacional de Ciencias of Chile and DIB-Universidad de Chile.

REFERENCES

1. E. Knobloch and K. A. Wiesenfeld, J. Stat. Phys. 33:611 (1983).

2. F. Baras, P. Coullet, and E. Tirapegui, J. Staz. Phys. 45:745 (1986).

3. C. Elphick, E. Tirapegui, M. E. Brachet, P. Coullet, and G. Tooss, A simple global
characterization for normal forms of singular vector fields, Preprint, Université de Nice
NTH 86/6; to be published in Physica D.

4. N. G. van Kampen, Stochastic Processes in Physics and Chemistry (North-Holland,

Amsterdam, 1981), Chapter VIIL6.

. C. van den Broeck, M. Malek-Mansour, and F. Baras, J. Stat. Phys. 28:557 (1982).

J. M. Sancho and M. San Miguel, Z. Phys. B 36:357 (1980).

. P. Coullet, C. Elphick, and E. Tirapegui, Phys. Lett. 111A:277 (1985).

. V. Arnold, Chapitres Supplémentaires de la Théorie des Equations Différentielles Ordinaires

(MIR, Moscow, 1980).

9. F. Langouche, D. Roekaerts, and E. Tirapegui, Functional Integration and Semiclassical

Expansions (Reidel, 1982), Chapter VIL6.

o0~ DN Lh

Communicated by G. Nicolis



